A novel function for modified gravity is proposed, f (R, T ) = R + λR 2 + 2β ln(T ), with λ and β constants, R the Ricci scalar, and the energy-momentum tensor trace, T , satisfying T = ρ−3p > 0. Subsequently, two equation of state parameters, namely ω and a parametric form of the Hubble parameter H, are employed in order to study the accelerated expansion and initial cosmological bounce of the corresponding universe. Hubble telescope experimental data for redshift z within the range 0.07 ≤ z ≤ 2.34 are used to compare the theoretical and observational values of the Hubble parameter. Moreover, it is observed that all the energy conditions are fulfilled within a neighborhood of the bouncing point t = 0, what shows that the necessary condition for violation of the null energy condition, within the neighborhood of a bouncing point in general relativity, could be avoided by modifying the theory in a reasonable way. Furthermore, a large amount of negative pressure is found, which helps to understand the late time accelerated expansion phase of the universe.
Introduction
At the end of the past century, the accelerated expansion of our universe was discovered by two different cosmological surveys [1] [2] [3] . This finding was considered as one of the most important discoveries of the 20th century. Strenuous research has been going on since then, on this subject; however, the cause of this acceleration still remains unclear. New theories and modifications of the general theory of relativity have been suggested to explain the cosmic acceleration. In particular, two alternative possibilities have been intensively studied: either the universe comprises an enormous amount of dark energy, or the theory of general relativity breaks down at cosmological scales [4] .
The general theory of relativity may be modified in many different ways, what is revealed by the huge number of such theories presently available in the literature [5] [6] [7] [8] [9] . The f (R) theories of modified gravity [10] have gained ample consideration, for their capability to elucidate the accelerated expansion of the universe. In the early 1980s, already, Starobinsky [11] discussed a most simple f (R) model, by taking f (R) = R + αR 2 , with α > 0, which is considered today as representing the first ever found inflationary scenario for the universe (and one of the most natural and successful). tional action in this theory is given by
where f (R, T ) is taken to be an arbitrary function of R and T . Here R is the Ricci scalar and T is the trace of the energy momentum tensor T µν . The matter Lagrangian density is denoted by L, and the energy momentum tensor is defined in terms of the matter action as follows [77] :
which yields
The trace T is defined as T = g µν T µν . Let us define the variation of T with respect to the metric tensor as δ(g αβ T αβ )
where Θ µν = g αβ δT αβ δg µν . Varying the action (1) with respect to the metric tensor g µν , yields
where f R (R, T ) ≡ ∂f (R, T ) ∂R and f T (R, T ) ≡ ∂f (R, T ) ∂T . Note that, if we take f (R, T ) = R and f (R, T ) = f (R), then the equation (5) becomes simply general Einstein field equation and f (R) gravity respectively. In the present work we assume that the stress-energy tensor is defined as
and the matter Lagrangian can be taken as L = −p. The four velocity u µ satisfies the conditions u µ u µ = 1 and u µ ν u µ = 0, respectively. If the matter source is a perfect fluid, then Θ µν = −2T µν − pg µν .
In this study, we shall consider f (R, T ) = f (R) + 2f (T ), where f (R) is a function of R and f (T ) a function of the trace of the energy momentum tensor, i.e. T = ρ − 3p.
+ 2β ln(T ) and field equations
In this paper, the novel f (R, T ) function is defined as
where λ, β are constants and T = ρ − 3p > 0. From the above choice of f (R, T ), we come to know that ρ − 3p > 0, otherwise the function f (R, T ) will not be well defined. Therefore, ρ − 3p > 0 is mandatory. Subsequently, we can say that ρ + 3p > 0, provided p > 0; now, if we are able to show that ρ > 0, then all energy conditions will be satisfied, namely the Null Energy Condition(NEC), the Weak Energy Condition(WEC), and the Strong Energy Condition(SEC). Consequently, we will be able to say that our model does not contain any exotic type of matter for this particular choice of the f (R, T ) function. The spacetime of the model is assumed to be the flat Fiedmann-Lemaitre-Robertson-Walker (FLRW) metric, which is defined as
Using Eqs. (6), (7) and (8) in the field equation (5), the explicit form of the field equations are obtained as
and
where the overhead dot denotes the derivative with respect to time 't'. By taking λ = 0, the field equations (9) and (10) reduce to
Model investigations
Nowadays, bouncing problem is one of the fascinating parts of the study of cosmological dynamics in modified gravity, because the big bang singularity could be avoided by a big bounce [78, 79] . The indication of the bouncing universe is: the size of the scale factor contracted to a finite volume not necessarily zero, and then blows up. Subsequently, it delivers a conceivable solution to the singularity problem of the standard big bang model. To become a bounce, there must be some finite point of time at which the size of the universe attains minimum. Let us take this time to be t = t 0 . As per the fundamental rule of differential calculus, a function 'f attains minimum at say t = t 0 , provided f satisfiesḟ (t 0 ) = 0 andf (t 0 ) > 0. Hence, the behavior of the scale factor at t 0 must beȧ(t 0 ) = 0 andä(t 0 ) > 0. Precisely we can say that, if t 0 is a bounce point, then the scale factor a(t) decreases, i. e.ȧ(t) < 0 for t < t 0 and the scale factor a(t) increases, i. e.ȧ(t) > 0 for t > t 0 , locally. Equivalently in the bouncing model the hubble parameter H runs across zero from H < 0 to H > 0 and H = 0 at the bouncing point. Subsequently, for bouncing problem, we must required a(t) > a(t 0 ) for t = t 0 locally. In addition to that, the violation of Null Energy Condition (NEC) is required for a period of time inside the neighbourhood of bounce point in general relativity within the frame work of spatially flat 4-dimensional FLRW model. Furthermore, the EoS parameter ω of the matter content present in the universe must experience a phase switch from ω < −1 to ω > −1, to enter into the hot big bang age after the bounce [78, 79] . Note that bounces in f (R) gravity were investigated in [80] [81] [82] [83] The motivation of this section is to study the various cosmological dynamics under bouncing situations by defining two new equation of state (EoS) parameters and one new prametrize form of the Hubble parameter.
Let us start with a study on the possibility of obtaining the bouncing solution described by the following EoS:
where is very small and k is any arbitrary constant. We see from equation (13) that ω varies from negative infinity at t = 0 to the cosmological constant at t = 1 − , and crosses this boundary, eventually it comes back to again cosmological constant for t → ∞.
To study the bouncing solution of cosmological models, we define one more EoS as follows:
where r and s are parameter, we require r < 0 and s > 0. We see from equation (14) that ω varies from negative at t = 0 to the cosmological constant at t = e r s−1 , and crosses this boundary, eventually it comes back to again cosmological constant for t → ∞ and s = 1. Now, we would like to make the parametric form of the Hubble parameter H that describes the expansion of the universe and helps us to accomplish some remarkable bouncing solutions. We parametrize the functional form of the Hubble parameter as defined as below
where ξ, α are arbitrary constants and h(t) is any smooth function. Looking at the novel proposed form of the Hubble parameter, we can observe that the trigonometric function sin(kt) vanishes at t = 0,
implying that the scale factor must take a constant value at those points and the second function h(t) should not vanish at those points. Now, we will have to choose h(t), which could be any algebraic, rational, exponential, transcendental, or periodic, such a way that it should be smooth and non vanishing at those points. In this study, we consider a specific form of h(t), which is defined as
where ζ is any arbitrary constant. Hence, the complete parametrize form of the Hubble parameter H(t) is as follows:
Let us assume that the universe is dominated by the matter with the EoS given by (13), we solve the field equation and obtain the corresponding evolution of scale factor a(t), energy density ρ and pressure p as follows:
where κ is an integration constant.
Figure 1: Hubble Parameter H(t) versus t:
we have considered two bouncing points, one is t = 0 and the second one is t = 3.2. At a bounce point t = 0, the Hubble parameter attains zero and it posses negative for t < 0 and positive for t > 0. And, the behavior of the Hubble parameter is same near the second bounce point as well. Scale Factor a versus t: here, we have considered two bouncing points one is t = 0 and the second one is t = 3.2. At the bounce point t = 0, the scale factor a attains minimum and the scale factor a(t) > a(0), for t = 0, consequently, the scale factor decreases for t < 0, i. e.ȧ(t) < 0, for t < 0 and increases for t > 0, i. e.ȧ(t) > 0 for t > 0. And, the behavior of the scale factor is exactly same near the second bounce point as well. − 1 versus t: the value of ω tends to negative infinity at the bounce point t = 0, after the pounce point t = 0, the value of ω varies from −1 to 0, i. e. −1 < ω < 0. However, ω → ∞, for t → ∞, which indicates the late time cosmic acceleration, as the universe is dominated by a cosmological constant. (17) and (18), we observe that the Hubble parameter H(t) vanishes at t = 0,
, so we can choose t = 0 is one bounce point. One can see that our solution provides a picture of the universe evolution with contracting for t < 0, and then bouncing at t = 0 to the expanding phase for t > 0.
We would like to investigate the model defined in preceding section in two different cases:
(a) Density (ρ): this figure indicates that the energy density is positive within the neighborhood of bouncing point t = 0.
(b) Pressure (p): this figure indicates that the pressure is negative, i. e. the universe possesses a negative pressure, which could cause the accelerated expansion of the universe.
(c) NEC (ρ + p): it is observed that the term ρ + p is positive near the bounce point t = 0, which indicates the NEC is satisfied. Further more, from the figure (a), it is shown that the energy density ρ is positive as well. Hence, we can say that the WEC is satisfied within the neighborhood of bouncing point t = 0.
(d) SEC (ρ + 3p)from the figure (c) and (d), it is observed that the terms ρ + p > 0 and ρ + 3p > 0, which indicates that the SEC is satisfied near the bounce point t = 0.
(e) DEC (ρ − |p|): for DEC, we required ρ > 0 and ρ − |p| >. Hence, from the figure (a) and (e), it is observed that the DEC is satisfied within the neighborhood of bouncing point t = 0.
(f) Stress Energy Tensor (T ): from this figure it is shown that the term ρ − 3p > 0, which indicates that the newly defined f (R, T ) function is well defined. 
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Case:-II ω(t) =
(a) Density (ρ): from this figure, it is observed that the energy density in positive around the bouncing point t = 0.
(b) Pressure (p): from this figure, it is observed that the pressure is negative, which could indicate the cause of accelerated expansion of the universe.
(c) NEC (ρ + p): from this figure, it is observed that the NEC is satisfied. Moreover, including figure (a) and (c), we can say that WEC is satisfied as well near the bouncing point t = 0.
(d) SEC (ρ + 3p): including the figure (c) and (d), we can say that SEC is satisfied within the neighborhood of bouncing point t = 0.
(e) DEC (ρ−|p|): including figure (a) and (d), we can say that DEC is satisfied within the neighborhood of bouncing point t = 0.
(f) Stress Energy Tensor (T ): from this figure, it is observed that the stress energy momentum tensor T = ρ − 3p is positive, which provides the newly defined f (R, T ) function is well defined. figure, it is shown that the density ρ is positive within the neighborhood of bouncing point t = 0. However, after the bounce point there is one discontinuous point of the graph of density, which indicates there could be one singular point.
(b) Pressure (p): from the figure it is observed that the pressure is negative throughout the evolution of the universe, consequently, the pressure tends to negative infinity as time increases, which supports the accelerated expansion of the universe.
(c) NEC (ρ + p): from this figure, it is observed that the NEC is satisfied, subsequently, from the figure (a) and (c), we can say that the WEC condition is satisfied as well. log(t) 4π(r − s log(t) + log(t))(3r − (3s + 1) log(t)) − βr + 48α 3 ζλe 3ζt sin 3 (ξt)
× (3r − (3s + 1) log(t)) + αe ζt sin(ξt)(3r − (3s + 1) log(t)) −6ζ 3 λ + 18ζλξ 2 + ζ + 24 α 2 λξe 2ζt sin(2ξt) − 6α 2 λ 5ζ 2 − 3ξ 2 e 2ζt sin 2 (ξt)(3r − (3s + 1) log(t)) − 12α 2 λξ 2 e 2ζt cos 2 (ξt)(3r − (3s + 1) log(t)) + αξe ζt −18ζ 2 λ + 6λξ 2 + 1 cos(ξt)
× (3r − (3s + 1) log(t)) − 90α 2 ζλξre 2ζt sin(2ξt) + 90α 2 ζλξse 2ζt log(t) sin (2ξt) + βs log(t) + 30α 2 ζλξe 2ζt log(t) sin(2ξt) − β log(t) (37)
× (3r − (3s + 1) log(t)) + αe ζt sin(ξt)(3r − (3s + 1) log(t)) −6ζ
+ βs log(t) + 30α 2 ζλξe 2ζt log(t) sin(2ξt) − β log(t) (38) ρ + p = − log(t) 1 + r ln t − s 4π(r − s log(t) + log(t))(3r − (3s + 1) log(t)) − βr + 48α 3 ζλe 3ζt sin 3 (ξt)
− 12α 2 λξ 2 e 2ζt cos 2 (ξt)(3r − (3s + 1) log(t)) + αξe ζt −18ζ 2 λ + 6λξ 2 + 1 cos(ξt) × (3r − (3s + 1) log(t)) − 90α 2 ζλξre 2ζt sin(2ξt) + 90α 2 ζλξse 2ζt log(t) sin(2ξt) + βs log(t) + 30α 2 ζλξe 2ζt log(t) sin(2ξt) − β log(t) (39) ρ + 3p = − log(t) 1 + 3 r ln t − s 4π(r − s log(t) + log(t))(3r − (3s + 1) log(t)) − βr + 48α 3 ζλe 3ζt sin 3 (ξt)
× (3r − (3s + 1) log(t)) − 90α 2 ζλξre 2ζt sin(2ξt) + 90α 2 ζλξse 2ζt log(t) sin(2ξt) + βs log(t) + 30α 2 ζλξe 2ζt log(t) sin(2ξt) − β log(t) (40) ρ − |p| = − log(t) 4π(r − s log(t) + log(t))(3r − (3s + 1) log(t)) − βr + 48α 3 ζλe 3ζt sin 3 (ξt)
× (3r − (3s + 1) log(t)) − 90α 2 ζλξre 2ζt sin(2ξt) + 90α 2 ζλξse 2ζt log(t) sin(2ξt)
+ βs log(t) + 30α 2 ζλξe 2ζt log(t) sin(2ξt) − β log(t) − log(t) r ln t − s 4π(r − s log(t) + log(t))(3r − (3s + 1) log(t)) − βr + 48α 3 ζλe 3ζt sin 3 (ξt)
ρ − 3p = − log(t) 1 − 3 r ln t − s 4π(r − s log(t) + log(t))(3r − (3s + 1) log(t)) − βr + 48α 3 ζλe 3ζt sin 3 (ξt)
+ βs log(t) + 30α 2 ζλξe 2ζt log(t) sin(2ξt) − β log(t) (42) 5 Hubble parameter versus redshift 
(a) Density (ρ): the behaviour of the energy density is positive within the neighbourhood of bouncing point t = 0.
(b) Pressure (p): the behaviour of the pressure is negative within the neighbourhood of bouncing point and consequently, decreases to negative infinity, which causes the late time accelerated expansion of the universe.
(c) NEC (ρ + p): from the figure it is shown that ρ + p > 0, which indicates the NEC is satisfied near the bouncing point, subsequently, from the figure (a), we can see that the energy density ρ is positive, hence the WEC is satisfied as well within the neighbourhood of bouncing point. , we can say that ρ + p > 0 and ρ + 3p > 0, which indicates the SEC is satisfied within the neighbourhood of bouncing point.
(e) DEC (ρ − |p|): from the figure (a) and (e), we confirmed that the DEC is satisfied within the neighbourhood of bouncing point t = 0.
(f) Stress Energy Tensor (T ): from this figure it is observed that T = ρ − 3p > 0, which indicates our newly defined f (R, T ) function is we defined. , we obtained
Now, using Eqns. (17) and (18), we get
The differential equation (45) contains two parameters ζ and ξ. The values of these parameters are obtained by minimizing
where H th and H obs denote theoretical and observed values of Hubble parameter respectively and σ H(z i ) denote standard error for each observed value. The present value of Hubble parameter is considered as H 0 = 67.8 Km/s/Mpc [84] . 29 observational Hubble parameter data are taken from [85] [86] [87] [88] [89] [90] [91] [92] . In ζ−ξ plane the likelihood contours for 1σ, 2σ and 3σ errors are drawn in Fig. (9) . The values of parameters ζ and ξ are found to be equal to -46 and 1.6 respectively for minimum value 123.567 of χ 2 . For ζ = −46 and ξ = 1.6, the numerical solution of non-linear differential equation (45) 
Results and discussion
This work was aimed at studying the cosmological dynamics under a bouncing scenario within the framework of a spatially flat 4-dimensional FLRW model in a f (R, T ) theory of gravity. The f (R, T ) function is here defined as f (R, T ) = R + λR 2 + 2β ln(T ), where λ and β are constant and T = ρ − 3p > 0. A parametric form of the Hubble parameter was also proposed here, as H(t) = α sin(ξt)e ζt , where α, ξ and ζ are arbitrary constants. Consequently, the scale factor has been obtained as a(t) = κ exp α
, where κ is an integration constant.
Since H(t) vanishes at t = 0,
, the point t = 0 is chosen as a first bouncing point. The Hubble parameter is plotted in Fig.(1) . In the neighborhood of the bouncing point, we can observe a contraction phase for t < 0, the bounce at t = 0, and an expansion phase for t > 0. The scale factor is normalized as a = 1 at the bouncing point. In Fig. (2) , in the neighborhood of the bouncing point the scale factor is shown to decrease, for t < 0, and to increase, for t > 0. Thus, the scale factor gets its non-zero and minimum value at t = 0.
Moreover, two forms of the EoS parameter were defined. The first form is ω(t) = − k ln(t+ ) t − 1, where is very small and k is an arbitrary constant. It was plotted in Fig. (3) with respect to t. As t increases from 0 to 1 − , ω(t) increases from −∞ to −1. Further, as t increases from 1 − to 2.72, ω(t) increases towards -0.0436542, after what it decreases and approaches the value -1 as t tends to infinity, which indicates that the universe is dominated by a cosmological constant at late time. Consequently, the late time accelerated expansion stage of the universe can be naturally realized in this model. The second form of ω(t) is defined as ω(t) = r ln t − s, where r and s are constants, with r < 0 and s > 0. It is plotted in Fig. (4) with respect to t where ω(t) is shown to vary from a negative value at t = 0 to the cosmological constant at t = 1.00313.
Using the background of f (R, T ) gravity, the Einstein's field equations were derived and, using the EoS parameters discussed above, these equations have been solved. The energy density ρ, pressure p, and the stress energy tensor T = ρ − 3p have been calculated. In addition to these, various combinations of ρ and p, used in the following energy conditions, have been determined: (8) respectively. In each subcase, ρ, ρ+p, ρ+3p, ρ−|p| and ρ−3p are found to be positive. The positivity of ρ − 3p is necessary for the f (R, T ) function to be well defined and the positivity of ρ, ρ + p, ρ + 3p and ρ − |p| represents the absence of exotic matter in our model, i.e. it is only filled with normal matter satisfying the energy conditions. Furthermore, the pressure p is found to be negative, which implies gravitational repulsion during the accelerating phase, in concordance with the astronomical observations. In short, by defining appropriate forms of the EOS parameter, the Hubble parameter and the f (R, T ) function, we have found the existence of a bouncing universe free from exotic matter and having a non-vanishing and minimum scale factor at the bouncing point.
Conclusions
In the present paper, the non-singular bounce in spatially flat 4-dimensional FLRW model has been explored by working with two EoS parameters and one novel parametric form of the Hubble parameter. Einstein's field equations have been obtained in the framework of f (R, T ) gravity with a newly proposed f (R, T ) = R + λR 2 + 2β ln(T ) function, where the condition T = ρ − 3p > 0 was required, so that the function f (R, T ) is well defined. From Figs. 5(f), 6(f), 7(f), and 8(f), it is observed that the stress energy momentum tensor T = ρ − 3p is positive. Hence, it turns out that our new function is well defined and its consistency is justified.
Usually, for general relativity, within the framework of the spatially flat 4-dimensional FLRW model, violation of the Null Energy Condition (NEC) is unavoidable for a period of time inside the neighbourhood of the bounce point [78, 79] . However, in the present study, we have obtained that all the energy conditions are satisfied within a neighborhood of the bouncing point, t = 0. Therefore, we reach here the interesting conclusion that the violation of the NEC is not always a necessary condition in modified gravity theories; at the very least, for the particular form of theory here considered, f (R, T ) = R + λR 2 + 2β ln(T ), it can be avoided. Moreover, it is interesting to note that pressure is negative within the neighborhood of the bouncing point and, subsequently, it decreases to negative infinity throughout the evolution, which indicates that the universe may evolve indeed to a huge negative pressure stage. This negative pressure helps us to naturally realize the late time accelerated expansion of our universe. The best fit to the experimental results for the Hubble parameter for different redshifts is determined for these values of the parameters here: ζ = −46 and ξ = 1.6.
